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We present a microscopic theory of heat and particle transport of an interacting, low temperature
Bose-Einstein condensate in a quantum point contact. We show that, in contrast to charged,
fermionic superconductors, bosonic systems feature tunneling processes of condensate elements,
leading to the presence of odd-order harmonics in the AC Josephson current. A crucial role is
played by an anomalous tunneling process where condensate elements are coherently converted into
phonon excitations, leading to even-order harmonics in the AC currents as well as a DC contribution.
At low bias, we find dissipative components obeying Ohm’s law, and bias-independent nondissipative
components, in sharp contrast to fermionic superconductors. Analyzing the DC contribution, we find
zero thermopower and Lorenz number at zero temperature, a breakdown of the bosonic Wiedemann-
Franz law. These results highlight importance of the anomalous tunneling process inherent to charge-
neutral superfluids. The consequences could readily be observed in existing cold-atom transport
setups.
I. INTRODUCTION
A mesoscopic system connected to reservoirs is one of
the most important examples of nonequilibrium quantum
statistical physics [1]. For a long time, such a system
has mainly been discussed in electron systems, which re-
vealed nontrivial outcomes absent in bulk systems such
as conductance quantization [2], current noise [3], and
fluctuation relation [4]. Recently, atomic quantum gases
have emerged as an alternative route to investigate meso-
scopic systems [5, 6] in particular single-mode quantum
point contacts (QPCs) [7]. QPCs are the corner stone of
mesoscopic quantum devices, as building blocks for quan-
tum coherent devices such as quantum dots and interfer-
ometers. Their counterparts in atomic gases opens the
perspective of complex, quantum coherent ’atom-tronic’
devices [8–11] featuring controlled interactions [12] and
the possibility to use fermionic or bosonic statistics [13–
15].
In contrast with superconductors which are charged,
atomic quantum gases are charge neutral. As a result,
in the superfluid phase, there always exist gapless col-
lective modes which are not present in charged systems
due to the Anderson-Higgs mechanism [16, 17]. The fact
that the dominant low-energy excitations of supercon-
ductors are of pair-breaking type has spectacular con-
sequences such as multiple Andreev reflections (MARs)
in superconductor-normal interfaces [18] or QPCs [19],
yet little is known concerning the role played by gapless
collective excitations for quantum transport in charge-
neutral superfluids. In the case of a Bose-Einstein con-
densate (BEC), relevant to two-terminal systems of cold
atoms [6, 20], as well as superfluid helium in nano-pores
[21], a hydrodynamic description correctly predicts the
Josephson dynamics [22–25] and dissipation associated
with topological excitations in wide junctions, but fails
in the case of a QPC.
In this paper, we present a microscopic theory of
low-temperature transport of interacting neutral bosons
through a single-mode QPC. Modeling the system with
FIG. 1. Model used for the calculation, with Ti, µi the tem-
peratures and chemical potential in reservoir i, t the trans-
mission amplitude for single atoms across the contact and
particle and heat currents I1 and I2 respectively.
the tunneling Hamiltonian [26–31] and the Bogoliubov
theory of interacting condensates [32, 33], we use the
Keldysh formalism [34, 35] to derive a current formula
applicable to heat and particle transport up to a non-
linear response regime. We elucidate the crucial role of
bosonic enhancement and the gapless Bogoliubov modes
for superfluid transport, which is revealed in the differ-
ences between odd and even harmonics of the AC Joseph-
son current. We predict dissipative components obey-
ing Ohm’s law even at zero temperature with a fully
superfluid system, which is in sharp contrast with the
case of charged superconductors [26]. Then, we consider
the DC transport of heat and particle currents, which
in spite of obeying Ohm’s law [36] shows a large break-
down of the bosonic Wiedemann-Franz law. Finally, we
propose experiments to confirm our findings in existing
two-terminal setups of ultracold atomic gases.
This paper is organized as follows. In Sec. II, we
present the model and methods yielding an expression for
the mesoscopic current, which is the basis of this work.
In Sec. III we use this expression to obtain results for
the AC and DC components of the current at fixed bi-
ases. In Sec. IV, we present predictions for cold-atom ex-
periments, including the effect of the trapping potential,
for the time evolution of thermodynamic quantities and
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2Shapiro resonances. Section V summarize results and
mentions possible applications of this work. In appen-
dices, some technical details on the theoretical analyses
are provided.
II. MODEL AND METHODS
We consider a two-terminal transport system, with two
macroscopic reservoirs [37] filled by a weakly-interacting
BEC and connected by a mesoscopic channel, as shown
in figure 1. We describe the channel as a single mode
QPC, which is adequate when its width and lengths are
much shorter than the coherence length of the BEC. In
such a case, the details of the motion of atoms in the
constriction become irrelevant [19, 38], which allows one
to start with the following tunneling Hamiltonian [26–
31, 39, 40]:
H = KL +KR + t[ψ
†
L(0)ψR(0) + ψ
†
R(0)ψL(0)], (1)
where ψL(R)(x) and KL(R) are the field operator of the
reservoir L(R) and the grand-canonical Hamiltonian of a
Bose gas (KL(R) = HL(R) − µL(R)NL(R) with the Hamil-
tonian operator HL(R) and with the number operator
NL(R)), respectively. The last two terms in Eq. (1)
describe exchanges of particles between the reservoirs,
where t is the tunneling amplitude. In the two-terminal
system, the particle and heat current operators can re-
spectively be expressed as I1 = −N˙L and I2 = −K˙L.
We consider a regime of weak interaction and high de-
generacy, and describe the BECs in the reservoirs with
the Bogoliubov theory [32, 33]. To construct a theory of
heat and particle transport, we adopt the Keldysh for-
malism [34, 35], allowing for a description of the dynam-
ics in the presence of arbitrary bias and tunneling am-
plitude. Under fixed chemical potential bias (∆µ) and
temperature bias (∆T ), the particle and heat currents
at time τ can be expanded as a Fourier series in har-
monics of ∆µ and be obtained as (see Appendix A for
derivation),
Iq(τ)= Re
[ ∑
m∈Z
Iq,2m−1e(2m−1)iφ(τ) +
∑
m∈Z
Iq,2me
2miφ(τ)
]
≡ Ioddq (τ) + Ievenq (τ), (2)
Ioddq = 2Re[({i∂τ −∆µ}q−1TˆRRL) ◦ gˆ<LR ◦ TˆARLtˆ−1
+itˆ(∂q−1τ gˆ
R
LL) ◦ TˆRLR ◦ gˆ<RL ◦ TˆALR ◦ gˆARR]11, (3)
Ievenq = 2Re[i(∂
q−1
τ gˆ
R
LL) ◦ TˆRLR ◦ gˆ<RR ◦ TˆARL
+({i∂τ −∆µ}q−1TˆRRL) ◦ gˆ<LL ◦ TˆALR ◦ gˆARR]11, (4)
where q = 1 or 2, ∂τφ(τ) = ∆µ and ◦ represents inte-
gration over the internal time variable from minus infin-
ity to plus infinity. We note that in this paper we set
~ = kB = 1 except for plots of figures. In addition, gˆR,
gˆA, and gˆ< are uncoupled retarded, advanced, and lesser
Green’s functions, which have 2 × 2 structures conven-
tionally employed in a BEC system [34, 41]. The Keldysh
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FIG. 2. (a) AC component of the particle current I1(φ(τ)) =∑
m 6=0[I
d
1,m cos(mφ) + I
nd
1,m sin(mφ)] for different tunneling
amplitudes tρ(µ) = 0.5 (solid curve), 0.4 (dashed curve), and
0.2(dotted curve) for ∆µ/µ = 0.3. The current is plotted in
units of µ/h. (b) The first three components of the nondissi-
pative current amplitude Ind1,m as a function of ∆µ. (c) The
first three components of the dissipative current amplitude
Id1,m.
formalism incorporates the coherent sum of all processes
by which atoms can traverse the channel. Such a beyond-
linear-response effect is accumulated in the renormalized
hopping matrix TˆR(A) defined as
Tˆ
R(A)
RL = tˆ+ tˆ ◦ gˆR(A)LL ◦ tˆ† ◦ gˆR(A)RR ◦ TˆR(A)RL , (5)
where Tˆ
R(A)
LR (τ, τ
′) = [TˆA(R)RL (τ
′, τ)]† and tˆ(τ, τ ′) =
diag(te−iφ(τ), teiφ(τ))δ(τ − τ ′). Although the structure
is similar to that of superconducting QPCs, in that the
reservoir Green’s functions are 2× 2 matrices, the emer-
gence of Ioddq is peculiar to the bosonic system. In
fermionic systems gˆ<LR(RL) = 0ˆ and odd harmonics are
absent, because fermionic superfluidity involves pairing.
The current expression obtained above is the basis for
the analysis of mesoscopic BEC systems. In the weak
coupling regime, it describes in particular a BEC in a
double-well [22–24] as long as motion along finite exten-
sion of the junction can be neglected.
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FIG. 3. (a) DC current I1,0 as a function of the bias normal-
ized by µ for different tunneling amplitudes tρ(µ) = 0.5 (dark
red), 0.4 (red) and 0.2 (light red). The solid lines shows the
numerical solution, the dashed lines show a linear fit to the
data. For tρ(µ) = 0.2 it is not distinguishable from the exact
result. (b) Conductance as function of tunneling. The solid
line shows the exact result, the quadratic dashed line is the
result of the linear response theory.
III. RESULTS
In this section we consider the situation in which the
chemical potential in the reservoirs is fixed, which is stan-
dard in the condensed-matter physics context. In order
to connect to quantum gas experiments, in what follows
we present figures for which an average chemical poten-
tial µ = 400nK, the scattering length a = 25nm, and
average density in reservoirs n = 1019m−3.
A. AC component
A first outcome of our formalism is the structure of the
AC components of the particle current at zero tempera-
ture. Due to bosonic enhancement, the dominant trans-
port process is associated with the condensate elements.
In the Bogoliubov prescription [41], the field operator is
decomposed into the the c-number part describing the
condensate and the rest describing the non-condensate
elements, and so is Green’s function. In our formulation,
such a c-number part (condensate element) appears in
lesser Green’s function and is expressed as
gˆ<αβ(τ)→ −
i
√
µαµβ
g
(
1 1
1 1
)
, (6)
where α, β =L or R, and g is the coupling constant of the
interatomic interaction [42]. We note that in contrast to
the phonon contribution of lesser Green’s function shown
in Appendix A, Eq. (6) does not depend on the Bose dis-
tribution function being a function of temperature. Thus,
the processes associated with the condensate survive at
zero temperature.
In the tunneling limit where TˆRL → tˆ, the leading
current term is linear in t. It arises from the I1,−1
component, and the corresponding current is I1(τ) →
− 2
√
µLµRt
g sinφ(τ). This is the Josephson current associ-
ated with the tunneling of condensate elements between
reservoirs and is consistent with the result in a double-
well BEC [22, 24, 33].
The replacement TˆRL → tˆ also allows to discuss the
current component quadratic in t. This corresponds to
the linear response analysis [43], and yields a DC compo-
nent I1,0 and AC components I1,±2. An analytic cal-
culation discussed in Appendix B shows the presence
of dissipative and non-dissipative terms proportional to
cos 2φ(τ), sin 2φ(τ) respectively. The dominant micro-
scopic process in even harmonics is the tunneling of a con-
densate element coherently converted into phonon excita-
tion. This anomalous tunneling process is fundamentally
different from the tunneling process of the non-dissipative
odd harmonics and from tunneling processes in the su-
perconductor case.
To include systematically higher order tunneling ef-
fects with all the virtual processes, we numerically solve
Eqs. (2)-(5) under the low-energy expression of gˆR(A)
shown in Appendix A. Figure 2 depicts the results of
first three AC components for various tunneling ampli-
tudes normalized by the density of states in the reser-
voirs at the chemical potential ρ(µ), as in the case of
fermions [26]. As can be seen from Fig. 2(a), the AC
current deviates from sinusoidal behavior with increas-
ing t, revealing the important role of higher harmonics.
Moreover, Fig. 2(c) demonstrates the presence of the
dissipative term proportional to cosφ(τ), which is absent
at the linear response level. Remarkably, our calculation
shows that the amplitudes in the dissipative components
obey Ohm’s law at small ∆µ, in contrast to the fermionic
case where the nonlinear bias dependence appears [26].
This difference originates from gˆR(A)(ω), which is non-
singular for bosons but is singular at the pairing gap fre-
quency for fermions [26]. In contrast, we find that the
non-dissipative components ∝ sinmφ(τ) has a nonzero
amplitude even at ∆µ = 0 (Fig. 2(c)), comparable with
the fermionic case up to the nonlinearity [26].
B. DC component
We now focus on the DC component of the particle cur-
rent I1,0 as a function of ∆µ at zero temperature. This
is directly measurable in cold-atom experiments where
all the AC components are averaged out [44]. The re-
sulting current-bias relations for different t are shown
in figure 3a. In all cases, Ohm’s law is obeyed in the
low-bias regime. This again contrasts with the case of
superconductors showing nonlinearities associated with
MARs [19]. This also differs from the case with one-
dimensional reservoirs described by the Luttinger liquid,
where power-law current-bias relations are obtained due
to critical fluctuations [45].
Our formalism allows for a systematic investigation of
the conductance in the linear regime as a function of the
tunneling amplitude. The result is shown as solid line
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FIG. 4. Temperature dependence of the transport coefficients
(see text for the parameters). (a) Conductance including
the phonon contributions (solid lines) and excluding them
(dashed lines). The latter is consistent with [47]. (b) Lorenz
number (blue solid line, left axis) and Seebeck coefficient (red
dotted line, right axis), in the tunneling approximation.
in figure 3b. Remarkably, even for moderate tunneling
amplitudes of the order of 0.4/ρ(µ), the conductance is
ten times larger than that of the upper bound of non-
interacting fermions [46]. In the tunneling regime, con-
ductance shows a quadratic dependence on t (dashed line
in figure 3b), suggesting that the linear response theory
accurately captures the physics.
To clarify the nature of the DC transport we now in-
clude the heat current, focusing again on the linear re-
sponse regime. An analytic calculation derived in Ap-
pendix B shows that the DC particle and heat currents
obey an Onsager matrix,(
I1,0
I2,0
)
=
(
L11 L12
TL12 L22
)(
∆µ
∆T
)
. (7)
Here, transport coefficients (L11, L12, L22) depend on
temperature T . They are proportional to t2, by hy-
pothesis. The conductance is expressed as G = L11 =
t2µ2
pic3
[
1
g +
T 2
12c3
]
with the speed of sound c. It features
a zero-temperature contribution of the condensate in-
versely proportional to the interaction strength, due to
the gapless modes in the reservoirs, and a contribution
quadratic in temperature which originates from the inco-
herent tunneling of Bogoliubov quasiparticles. Impor-
tantly, the zero temperature part dominates over the
thermal component up to T ∼ µ/(na3)1/4  µ, where√
na3 is the small parameter in the Bogoliubov theory.
We also find no contribution from the condensate to
heat transport. As a result, the Lorenz number L =
L22
TL11
− L12L21
TL211
and Seebeck coefficient S = L12L11 , which
characterize the relation between entropy and particle
currents, go to zero as temperature is reduced. The lead-
ing temperature dependence turns out to respectively be
quadratic and cubic for the Lorenz number and Seebeck
coefficient, again a consequence of the phonon Green’s
function structure (see Appendix B). We note that this
behavior of L is quite different from the Wiedemann-
Franz law where L is given by a universal number. Nor-
mally, this law is obeyed when charge and entropy are
carried by the same fundamental processes such as quasi-
particles in Fermi liquids [46, 48] and magnons in spin
systems [49, 50]. Even in a BEC at T ≈ Tc, it is pre-
dicted due to dominant quasiparticle transport [47]. Re-
markably, we find that even though mass and heat trans-
port originates from quasiparticles, the presence of the
anomalous tunneling process yields a large violation of
the Widemann-Franz law.
Figure 4 illustrates these results, where the conduc-
tance (on panel a), Seebeck coefficient and Lorenz num-
bers (on panel b) are presented as a function of T/µ.
Over the whole range of temperatures, the results are
dominated by the zero-temperature contribution to cur-
rent originating from the phonon contribution. Note that
the Bogoliubov theory fails around the critical tempera-
ture of a BEC, so we cannot extrapolate our results to
the high temperature regime covered in particular in [47].
IV. EXPERIMENTAL CONSIDERATIONS
In this section, we discuss the situation of finite reser-
voirs yielding a finite charging energy, which is relevant
to cold-atom experiments.
A. Time evolution of thermodynamic quantities
Quantum gas two-terminal or double-well setups, for
which our model directly applies, feature finite-sized
reservoirs with a chemical potential self-consistently de-
termined from the atom number. As a result, the cou-
pling between the reservoirs competes with their finite
compressibility, yielding the crossover between Joseph-
son oscillations and non-linear self-trapping [51]. The
presence of a finite DC conductance implies directly that
the self-trapping regime is not stable, as a system ini-
tialized at large bias will slowly relax into the low bias,
Josephson oscillation regime. Such a relaxation has been
reported in [52, 53].
We now consider a similar scenario for single-channel
point-contact transport accounting explicitly for the ef-
fects of finite-sized reservoirs. As mentioned before, we
fix the parameters (µ = 400nK, a = 25nm, and n =
1019m−3). For such a parameter choice with tρ(µ) ∼ 0.1,
the ratio of the condensation energy to the Josephson
coupling energy turns out to be of the order of 106. For
a typical initial bias of ∆N/N ∼ 0.1 [54], expressed in
terms of particle number relative imbalance, the system
is initially deeply in the self-trapping regime [33, 51].
We start with a description of the thermodynamics of
the reservoirs at equilibrium. The differences of ther-
5modynamic quantities between the reservoirs obey the
following Maxwell relations:(
∆N
∆S
)
=
(
κ α
α
Cµ
T
)(
∆µ
∆T
)
, (8)
where ∆N , ∆S, κ, α, and Cµ are relative atom-number
difference, relative entropy difference, compressibility, di-
latation coefficient, and heat capacity at constant µ, re-
spectively. We note that the thermodynamic coefficients
(κ, α, and Cµ) are sensitive to geometry of reservoirs. In
a box-type reservoir, they are calculated with the Bogoli-
ubov theory as
κb ≈ Ω
g
+
pi2ΩT 4
24c3µ2
, (9)
αb ≈ −pi
2ΩT 3
15c3µ
, (10)
Cµ,b ≈ 2pi
2ΩT 3
15c3
, (11)
where Ω is the volume in each reservoir. In contrast, in
a harmonically trapped reservoir, we obtain
κh ≈ Ω
g
− 0.36ΩT
7/2
pic3µ3/2
, (12)
αh ≈ 2.5ΩT
5/2
pic3µ1/2
, (13)
Cµ,h ≈ 13Ωµ
1/2T 5/2
pic3
, (14)
where we assume that the trap is isotropic, in which case
Ω = 4pi3
(
2µ
Mω2ho
)3/2
with the trapping frequency ωho. The
temperature and chemical potential responses to varia-
tions of internal energy and particle number depend on
the shape of the reservoirs, and are thus different for box
and harmonic traps. As we show below, this causes dif-
ferent behaviors of the time evolutions of thermodynamic
quantities.
We now describe the slow time evolution of the thermo-
dynamic quantities characterizing the reservoirs resulting
from quasi-steady state currents. The quasi-steady ap-
proximation, well verified in the experimentally relevant
situations where DC transport is concerned, implies that
the reservoirs are at thermal equilibrium at each point
in time [6]. This allows for a direct generalization of the
linear response results reported above to the case of slow
time evolution of biases.
To deal with the case where biases between the reser-
voirs can evolve slowly in time, we adopt the model in
which φ(τ) is an independent dynamical variable [20, 52].
There, in addition to Eq. (8), we consider the following
relations:
1
2
d∆N
dτ
= −I1, (15)
T
2
d∆S
dτ
= −I2, (16)
dφ
dτ
= ∆µ. (17)
which represent Kirchhoff’s law, applicable in the low-
frequency regime consistent with the quasi-steady state
hypothesis. By numerically solving Eqs. (8), and (15)-
(17), the time evolution of the thermodynamic quantities
can be determined.
To discuss the global structure of the time evolution,
we also introduce an approximation that neglects the AC
components of the currents. In this case, by combining
Eq. (7) and Eq. (8), we obtain
τ0
d
dτ
(
∆N/κ
∆T
)
= −
(
1 −Seff
−Seffl L+S
2
eff
l
)(
∆N/κ
∆T
)
, (18)
where τ0 = κ/(2L11) is the transport time for mass trans-
port, l ≡ Cµ/(κT ) − (α/κ)2 is the analog of the Lorenz
number for the reservoirs, and Seff ≡ α/κ − S is the ef-
fective Seebeck coefficient. Since the equation above is
the first-order differential equation, the time evolutions
can analytically be determined. The general solution is
expressed as
∆N(τ) =
1
2
{
e−τ/τ− + e−τ/τ+ −
(
1− L+ S
2
eff
l
)e−τ/τ− − e−τ/τ+
λ+ − λ−
}
∆N(0) +
Seffκ(e
−τ/τ− − e−τ/τ+)
λ+ − λ− ∆T (0), (19)
∆T (τ) =
1
2
{
e−τ/τ− + e−τ/τ+ −
(
1− L+ S
2
eff
l
)e−τ/τ− − e−τ/τ+
λ+ − λ−
}
∆T (0) +
Seff(e
−τ/τ− − e−τ/τ+)
lκ(λ+ − λ−) ∆N(0). (20)
Here, the decay-time parameters τ± are expressed as
τ± = τ0/λ±, (21)
with
λ± =
1
2
(
1 +
L+ S2eff
l
)
±
√
S2eff
l
+
1
4
(
1− L+ S
2
eff
l
)2
.(22)
In Figure 5 we present this result for initial conditions
∆N(0)/N = 0.2 and ∆T (0)/T = 0.2, together with a
numerical solution including the AC components. The
parameters mentioned before are used with T = 150nK
and tρ(µ) = 0.2. Under these parameters, regardless of
trapped geometries, we obtain τ0 ∼ 10s similar to the
60.0
0.1
0.2 (a)
0 2 4 6 8
τ/τ0
0.0
0.2 (b)
∆
N
/N
,
∆
T
/
T
FIG. 5. Time evolutions of ∆N(τ)/N (black) and ∆T (τ)/T
(red), for initial conditions ∆N(0)/N = 0.2 and ∆T (0)/T =
0.2. The reservoirs are (a) harmonic traps and (b) box traps.
The solid lines describe the full numerical solutions and the
dashed lines are the results of Eqs. (19) and (20).
case of a single mode conductor for fermionic atoms [6].
The large conductance of the BEC compared with one
expected for noninteracting fermions is compensated by
the much larger compressibility of the reservoirs, yielding
similar timescales. This illustrates the important role
of the finite-size reservoirs in the interpretation of the
experiments.
In the case of harmonically trapped reservoirs, the ini-
tial relative atom number difference decays in the time
scale τ0 as shown in Fig. 5(a). However, the low val-
ues of Lorenz number and Seebeck coefficient at the
low temperature, and the near cancellation of the ef-
fective Seebeck coefficient between the QPC and reser-
voir contributions [55] lead to the slower decay of the
initial temperature difference. In the case of box reser-
voirs [37, 56, 57], on the other hand, both of ∆N and
∆T decays in the time scale τ0 despite the low values of
Lorenz number and Seebeck coefficient. The faster decay
of ∆T in box reservoirs is due to the fact that L/l ≈ 0.5,
that is, the small Lorenz number is compensated by the
low value of the analog of Lorenz number for reservoirs.
Finally, we note that in large times where τ/τ0  1 and
∆N/N ≈ ∆T/T ≈ 0, the effect of the AC oscillations
can be seen in the numerical calculations. Except for
this effect, the overall differences between analytic solu-
tions (dashed curve) and numerical solutions with the
AC components (solid curve) are minuscule.
B. Shapiro resonance as a probe of AC components
The effects of the phonon modes on the AC currents
could be observed by direct Fourier analysis of the reser-
voirs population dynamics. This has been demonstrated
at low frequency for wide junctions [23, 24], but might
reveal difficult for weak harmonics at high frequencies.
Therefore, we propose to circumvent this difficulty by
leveraging the time-dependent control over trapping po-
tentials and observe Shapiro resonances [58, 59], mapping
the harmonics of the Josephson current onto the DC com-
ponent.
To this end, we consider the time-dependent hopping
amplitude such that the phase parameter is given by
φ(τ) = φ0 + ∆µτ + α sin(ω1τ), (23)
where ω1 and α are the oscillation frequency and its am-
plitude, respectively. By substituting the above into the
particle current expression, we obtain
I1(τ)=
∞∑
m=0
[Indm sin(mφ(τ)) + I
d
m cos(mφ(τ))]
=
∞∑
m=0
Indm
[
sin(m(φ0 + ∆µτ)) cos(mα sin(ω1τ)) + cos(m(φ0 + ∆µτ)) sin(mα sin(ω1τ)
]
+
∞∑
m=0
Idm
[
cos(m(φ0 + ∆µτ)) cos(mα sin(ω1τ))− sin(m(φ0 + ∆µτ)) sin(mα sin(ω1τ)
]
, (24)
which can be expressed in terms of the Bessel functions of order n Jn, as
I1(τ)=
∞∑
m,n=0
Jn(mα)[I
nd
m sin(mφ0 +m∆µτ − nω1τ) + (−1)nIdm cos(mφ0 +m∆µτ − nω1τ)]
+
∞∑
m=0
∞∑
n=1
Jn(mα)[I
nd
m sin(mφ0 +m∆µτ + nω1τ) + I
d
m cos(mφ0 +m∆µτ + nω1τ)]. (25)
In the above, the second line in the right hand side al- ways depends on time under ∆µ, ω1 > 0, and therefore
7is typically averaged out in two-terminal setups of ultra-
cold atomic gases. However, the first line becomes time
independent and gives a nonzero DC contribution if the
following condition is satisfied:
∆µ =
n
m
ω1. (26)
This is the condition that the Shapiro resonance occurs.
For instance, if
∆µ =
ω1
3
, (27)
third-order harmonics of the AC current is dominantly
contributing to the DC current, since the lower harmonics
are averaged out.
V. CONCLUDING REMARKS
Our work elucidates the relation between the dissipa-
tive current and the superfluid character of the BEC.
The QPC implements a coherent coupling of the super-
fluid component with the phonon modes, in the spirit of
the celebrated Landau argument on superfluidity. Even
though the zero temperature DC component does not
carry any entropy, as demonstrated by the zero value
of the Seebeck coefficient, it cannot be identified with
a superfluid current. This also illustrates the difficulty
in modeling the dynamics of superfluids in mesoscopic
structures using effective two-fluid models: in particular
QPCs behave very differently from super-leaks in helium,
and the fountain effect is not expected [60].
Charge neutral fermionic superfluids also feature a
gapless mode resulting from the U(1) symmetry break-
ing. While we cannot extrapolate the bosonic results de-
rived here to the fermionic case [61], Bogoliubov theory
is adequate for the far molecular side of the BEC-BCS
crossover. The 1/g dependence of the zero temperature
contribution suggests that it should become less relevant
as the system approaches the Feshbach resonance. This
is confirmed by the good agreement between low tem-
perature transport experiments at unitarity and MAR
theory observed in [44].
A direct generalization of our theory could describe
spin transport in spinor BECs, or include spin-orbit cou-
pling in the reservoirs and the contact. It also predicts
coherent heat current oscillations at 2∆µ, encountered
in superconductors [62], but never studied so far with
cold atoms, as well as the current noise spectrum. While
current noise in the two-terminal setup has never been
measured in quantum gas experiments, we expect it to
become accessible in future generations of experimental
setups [63].
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Appendix A: Current expression
Here we provide some details on derivation of the cur-
rent formula (Eqs. (2)-(4)) underlying the results of this
work. The notations are those of the main text. Using
Heisenberg equations of motion, particle and heat cur-
rents in the tunneling Hamiltonian can be expressed as
I1(τ)= − it
Ω
∑
p,k
〈b†p,R(τ)bk,L(τ)− b†k,L(τ)bp,R(τ)〉, (A1)
I2(τ)=
t
Ω
∑
p,k
〈
b†p,R(τ)
d
dτ
bk,L(τ) +
d
dτ
b†k,L(τ)bp,R(τ)
〉
,
(A2)
where the field operator in the momentum space satis-
fying ψL(R)(x) =
1√
Ω
∑
k e
ik·xbk,L(R), and 〈· · · 〉 is the
average under the total Hamiltonian with the tunneling
term. To go further, we rewrite the above expression as
follows:
I1(τ) = 2Re
[
Gˆ<LR(τ, τ)tˆ(τ)
]
11
, (A3)
I2(τ) = 2 lim
τ ′→τ
d
dτ
Re
[
iGˆ<LR(τ, τ
′)tˆ(τ ′)
]
11
, (A4)
where
Gˆ<LR(τ, τ
′)
= − i
Ω
∑
p,k
(
〈b†p,R(τ ′)bk,L(τ)〉 〈bp,R(τ ′)bk,L(τ)〉
〈b†p,R(τ ′)b†k,L(τ)〉 〈bp,R(τ ′)b†k,L(τ)〉
)
,(A5)
tˆ(τ) = t
(
e−iφ(τ) 0
0 eiφ(τ)
)
, (A6)
and we perform the gauge transformation in the tunnel-
ing Hamiltonian [26, 39], where the chemical potential
difference between the reservoirs is reflected in the phase
factor of the tunneling amplitude. Since it is difficult
to evaluate the nonequilibrium average 〈· · · 〉 directly, we
perform the expansion in t by means of the Keldysh for-
malism, which allows us to calculate the currents in terms
of Green’s functions at equilibrium. Indeed, by using the
so-called Langreth rules [34], we can obtain the following
Dyson equation:
Gˆ< = (1ˆ + GˆR ◦ Vˆ ) ◦ gˆ< ◦ (1ˆ + Vˆ ◦ GˆA), (A7)
8where 1ˆ = diag(1, 1)δ(τ − τ ′), Vˆ represents tˆ or tˆ†, and
GˆR(A) is coupled retarded (advanced) Green’s function
obeying
GˆR(A) = gˆR(A) + gˆR(A) ◦ Vˆ ◦ GˆR(A). (A8)
Here, we introduce uncoupled retarded (advanced)
Green’s function gˆR(A), which is evaluated at equilib-
rium. By using the low-frequency expansions in the Bo-
goliubov theory, this is expressed in frequency space as
gˆRαβ(ω)= −
i
Ω
∑
k
∫ ∞
−∞
dτeiωτθ(τ)
(
〈[bk,α(τ), b†k,β(0)]〉0 〈[bk,α(τ), b−k,β(0)]〉0
〈[b†−k,α(τ), b†k,β(0)]〉0 〈[b†k,α(τ), bk,β(0)]〉0
)
≈ δα,β
− µαωc2pi2c3 − ωcω2pi2c3α + µαω22pi2ωcc3α − i[ µαω4pic3α + ω24pic3α ] µαωc2pi2c3α − µαω22pi2ωcc3α + i µαω4pic3α
µαωc
2pi2c3α
− µαω22pi2ωcc3α + i
µαω
4pic3α
− µαωc2pi2c3α +
ωcω
2pi2c3α
+ µαω
2
2pi2ωcc3α
+ i
[
− µαω4pic3α +
ω2
4pic3α
] ,(A9)
where α, β =L or R, gˆA(ω) = [gˆR(ω)]†, and ωc is the cut-off frequency of the tunneling Hamiltonian and is chosen as
the average chemical potential [43]. Similarly, uncoupled lesser Green’s function in frequency space is obtained as
gˆ<αβ(ω)= −
i
Ω
∑
k
∫ ∞
−∞
dτeiωτ
(
〈b†k,β(0)bk,α(τ)〉0 〈b−k,β(0)bk,α(τ)〉0
〈b†k,β(0)b†−k,α(τ)〉0 〈bk,β(0)b†k,α(τ)〉0
)
≈ −2pii
√
µαµβ
g
δ(ω)
(
1 1
1 1
)
+ iδα,βnα(ω)
−[ µαω2pic3α + ω22pic3α ] µαω2pic3α
µαω
2pic3α
−
[
µαω
2pic3α
− ω22pic3α
] , (A10)
where
nα(ω) =
1
eω/Tα − 1 (A11)
is the Bose distribution function. The peculiar feature of lesser Green’s function above is the presence of the contribu-
tion from BECs corresponding to the first term in the right-hand side of Eq. (10). This term is present even if α 6= β,
which leads to the presence of odd-order harmonics in the current. Indeed, by using uncoupled Green’s functions, we
obtain
Gˆ<,evenLR = (1ˆ + Gˆ
R
LRtˆ) ◦ gˆ<LL ◦ tˆ†GˆARR + GˆRLLtˆ† ◦ gˆ<RR ◦ (1ˆ + tˆGˆALR), (A12)
Gˆ<,oddLR = (1ˆ + Gˆ
R
LRtˆ) ◦ gˆ<LR ◦ (1ˆ + tˆGˆALR) + GˆRLLtˆ† ◦ gˆ<RL ◦ tˆ†GˆARR, (A13)
where even (odd) in the superscript above represents the components of even (odd) harmonics in the current. As is
clear from the expressions above, Gˆ<,oddLR = 0ˆ, since gˆ
<
LR = gˆ
<
RL = 0ˆ in the fermionic system.
For efficient numerics, as in the case of superconductors,
it is convenient to introduce the renormalized tunneling
matrix (5). By using this renormalized tunneling matrix,
the current formula shown in Sec. II can be obtained.
Appendix B: Current expressions up to linear
response
We now derive several current expressions up to the
linear response theory discussed in Sec. III. In this case,
the substitution TˆR(A) → tˆ is allowed, and analytic ex-
pressions are obtained.
We first examine the current components linear in t.
The presence of such components allows nonzero Ioddq (τ).
By substituting TˆR(A) → tˆ into Eq. (3), we obtain
I1,1 = 0, (B1)
I1,−1 = −
2it
√
µLµR
g
. (B2)
Thus, the particle current up to t is given by I1(τ) =
− 2t
√
µLµR
g sinφ(τ). The similar calculation is allowed
for the heat current. It is then straightforward to show
I2(τ) = 0, that is, absence of the Josephson heat current
up to t.
We next examine the current components quadratic in
t, which arise from Ievenq (τ) and include both DC and AC
parts. The DC part of the particle current is expressed
9as
I1,0=
∫ ∞
−∞
t2dω
pi
Re[gˆRLL,11(ω)gˆ
<
RR,11(ω + ∆µ)
+gˆ<LL,11(ω)gˆ
A
RR,11(ω + ∆µ)]
= Ic1,0 + I
b
1,0, (B3)
where we introduce
Ic1,0=
t2
g
[
µRρL(−∆µ)− µLρR(∆µ)
]
, (B4)
Ib1,0= t
2
∫ ∞
−∞
dω
2pi
ρL(ω)ρR(ω + ∆µ)
[
nL(ω)− nR(ω + ∆µ)
]
,
(B5)
with the density of state
ρα(ω) = −2Im[gˆRαα,11(ω)]. (B6)
Physically, Ic1,0 describes the contribution from the con-
version process between condensate and phonon, and Ib1,0
describes the contribution from the tunneling process of
phonons, which is comparable to the tunneling current
formula in fermionic quasiparticles [39]. Based on the
above expressions, we next look at the regime up to lin-
ear in ∆µ and ∆T , and determine transport coefficients
in Onsager’s matrix. By using Eq. (A11), Ic1,0 is easily
obtained as
Ic1,0 ≈
t2µ2
pic3g
∆µ, (B7)
where we introduce the average chemical potential µ and
average sound velocity c. On the other hand, by using
nL(ω)− nR(ω + ∆µ) ≈ ∂n(ω)
∂ω
∆µ+
∂n(ω)
∂T
∆T
=
1
4T
∆µ
sinh2(ω/(2T ))
+
ω
4T 2
∆T
sinh2(ω/(2T ))
, (B8)
with the average temperature T , Ib1,0 is obtained as
Ib1,0≈ Lb11∆µ+ L12∆T, (B9)
where
Lb11=
t2
4T
∫ ∞
−∞
dω
2pi
ρL(ω)ρR(ω)
sinh2(ω/(2T ))
,
≈ t
2µ2T 2
4pi3c6
∫ ∞
−∞
dx
x2
sinh2 x
,
=
t2µ2T 2
12pic6
, (B10)
L12=
t2
4T 2
∫ ∞
−∞
dω
2pi
ωρL(ω)ρR(ω)
sinh2(ω/(2T ))
≈ 2t
2µT 3
pi3c6
∫ ∞
−∞
dx
x4
sinh2 x
,
=
2pit2µT 3
15c6
. (B11)
To obtain above, we only keep the contributions with the
leading temperature dependence. In Lb11, such a contri-
bution arises from a term ∝ ∫∞−∞ dω2pi ω2sinh2(ω/(2T )) . Simi-
larly, the leading order contribution in L12 arises from a
term ∝ ∫∞−∞ dω2pi ω4sinh2(ω/(2T )) [64].
In addition, L22 can be obtained from the DC part of
the heat current at ∆µ = 0, which is given by
I2,0=
∫ ∞
−∞
t2ωdω
pi
Re[gˆRLL,11(ω)gˆ
<
RR,11(ω) + gˆ
<
LL,11(ω)gˆ
A
RR,11(ω)]
= t2
∫ ∞
−∞
dω
2pi
ωρL(ω)ρR(ω)
[
nL(ω)− nR(ω)
]
≈ L22∆T. (B12)
As in the case of Lb11 and L12, L22 can be obtained as
L22≈ t
2µ2T 3
pi3c6
∫ ∞
−∞
dx
x4
sinh2 x
=
pit2µ2T 3
15c6
(B13)
Calculation of the AC components is done in a similar
manner. At zero temperature, the AC components in the
particle current are obtained as
I1,2= 0, (B14)
I1,−2= −2iµRt
2
g
gˆRLL,12(∆µ)−
2iµLt
2
g
gˆARR,12(−∆µ).
(B15)
Therefore, in the low-bias regime, the harmonics propor-
tional to e±i2φ(τ) is approximated as
t2µ2∆µ
pigc3
cos(2φ(τ))− 2t
2µ3
pigc3
sin(2φ(τ)). (B16)
The result above shows that the AC components
quadratic in t yield both dissipative and non-dissipative
terms. In addition, at the low bias, the amplitude of
the dissipative term depends on ∆µ and that of the non-
dissipative term is independent of ∆µ.
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